In this paper we investigate analytically the localized surface waves (SWs) based on the first integral of the nonlinear Helmholtz wave equation in a semi-infinite one-dimensional photonic crystal (1DPC) truncated with a self-defocusing nonlinear cap layer of a left-handed material (LHM). The intensity-dependent properties of nonlinear SWs at the interface between air background and 1DPC are of two types: conventional photonic crystal (PC) and left-handed PC (made of alternate LHM and right-handed material) ones. It is shown that there are unusual SWs with different peculiarities for these two types of PC. To confirm our results, we also compared the results obtained by this method and the alternative method based on ␦-function, for the structure with a very thin nonlinear cap layer.
INTRODUCTION
Recent experimental and theoretical results [1] [2] [3] have confirmed the existence of negative refraction in specific type of materials known as the left-handed materials (LHMs) or metamaterials. Such negative-index materials have a strong application potential. It was demonstrated that the rectangle slab of a LHM can act as a new type of lens where resolution is not restricted by a diffraction limit [4] . A review of recent achievements in the field can be found, e.g., in [5] . Many recent papers have studied negative refraction and have focused on the superlensing phenomenon, on the diffraction limit problem, or on the Goos-Hänchen effect [6] . Knowing that the key feature of these phenomena is the excitation of the surface waves (SWs), many groups have studied the excitation of SWs and their role in the imaging for homogeneous medium [7] as well as in photonic crystals (PCs). The most wellknown feature of PCs is the photonic bandgap, inside which the electromagnetic waves are prohibited to propagation in all directions. However, when appropriately terminated, PCs can support surface modes with frequencies lying inside the photonic bandgap [8] . Surface electromagnetic waves on one-dimensional photonic crystals (1DPCs) were observed almost 30 years ago [9] . The basic theory was developed at that time [10] . As it is well known, the surface modes are non-radiative and are characterized by a decaying field in both perpendicular directions away from the surface plane [11, 12] . For the case of 1DPC, it has been shown that SWs can exist inside the forbidden bandgap, whose characteristic frequency depends on the thickness of the top layer of the PC [13] .
Apart from their intrinsic interest, surface electromagnetic waves have recently been proposed as a way to efficiently inject light into a PC waveguide or to extract a focused beam from a channel [14, 15] . Therefore the study of SWs has been the subject of extensive research because of its potential applications. Recently, the considerable interest has been raised in the study of optical properties of PC containing nonlinear layers (see [16] and reference therein). Moreover Boardman and Egan [17] well defined the behavior of transverse electric (TE) nonlinear waves in the LHM waveguides based on the first integral of the nonlinear wave equation.
In this paper we study analytically the nonlinear TE polarized SWs in a 1DPC containing nonlinear cap layer with definite thickness. We demonstrate a number of unique features of SWs for considered structures. We show that the surface of conventional [or left-handed (LH)] PC can support the order zero (1,2,…) SWs. Furthermore, it is shown how the existence region of surface modes depends on the intensity of field at the surface of a self-defocusing nonlinear cap layer. In particular, we show that in the case when the PC is a LH one, the SW can be switched from the forward propagating to the backward propagating one by varying the field. In Section 2, we introduce the model of system under consideration. In Section 3, the properties of localized modes are studied. Finally, Section 4 concludes with brief comments.
MODEL
The structure under investigation consists of a semiinfinite 1DPC with nonlinear cap layer and air back-ground (Fig. 1) . Two types of 1DPC are considered: conventional PC [made of right-handed materials; Fig. 1 [18] ). On the other hand, because of the recent developments in designing negative refractive index materials at the optical range [19, 20] , the use of a LHM as a homogeneous medium is realizable. The linear SWs at the interface of a uniform metamaterial (or a uniform material) and a conventional (or LH) PC have been studied in [21, 22] based on transfer matrix method. Here, we study the effect of the nonlinearity of cap layer on the SWs and a possibility to control the dispersion properties of SWs by adjusting the intensity of electromagnetic field. We choose a coordinate system in which the layers have normal vector along OZ and consider the propagation of monochromatic TE-polarized waves described by
where is the angular frequency, k = / c is the vacuum wave number, and ␤ is the normalized wave-number component along the interface. We consider the nonlinear cap layer to be a Kerr-type left-handed metamaterial with nonlinear dielectric permittivity given as
where c is the linear part of the relative dielectric permittivity, E c ͑z͒ is the electric field in the cap layer, and the parameter ␣ describes Kerr-type nonlinearity where it can be positive (or negative), describing self-defocusing (or self-focusing) property. For simplicity, we assume that the containing media are lossless, homogeneous, and isotropic. The stationary solution of the TE wave equation for the nonlinear cap layer has the form E y ͑z͒ = E c ͑z͒exp͑i͑k␤x − t͒͒ in which the amplitude field in the nonlinear cap layer modulated along z due to the nonlinearity. Using this form of stationary solution with ͑z͒ = c , ͑z͒ = NL we find that
It is well known that surface modes correspond to localized solutions with the field E decaying from the interface in both directions. In the left-side homogeneous air medium, the fields are decaying provided ␤ Ͼ ͱ 0 0 . So the solution of the scalar Helmholtz-type wave equation in a homogeneous medium ͑z Յ −d c ͒ that satisfies the boundary conditions at infinity is
where E 0 is the electric field amplitude
2 , and n 0 = ͱ 0 0 . In the periodic structure of the right-side, the waves are the Bloch modes. In the periodic structure, the waves will be decaying provided that the Bloch wave number is complex, and this condition defines the spectral gaps of an infinite PC. For the calculation of the Bloch modes, we use the well-known transfer matrix method [10] . Equation (4) is equivalent to the equation of particle subjected to a one-dimensional conservative force that is completely integrable through the first integral of motion (kinetic plus potential energy conservation). Therefore the first integral of Eq. (4) is
where k c 2 = k 2 ͑␤ 2 − c c ͒, and C c is the constant of integration (with respect to z). The quantity C c , which has arisen from the first integral, is determined by applying the TE boundary conditions at the interfaces z =−d c and z =0:
͑8͒
Here E 0 , E b are the values of the electric field at the lower and upper boundaries of cap layer, and E 1 is the electric field in the first layer of the PC [23] . Inserting Eqs. (7) and (8) into Eq. (6) gives 
is a real parameter [23] , k 1z = k ͱ n 1 2 − ␤ 2 , A and B are the elements of the transfer matrix of the PC, and is the eigenvalue of the transfer matrix in the photonic bandgap [10, 24] . This equation exposes in a very clear manner the dependence of k on the intensity of electric field at the surface of the PC ͑␥ 0 ͒. This enables one to find dispersion properties of nonlinear SWs provided that the electric field at the upper boundary of the cap layer ͑E b ͒ is determined. We refer to Eq. (9) as the dispersion relation of nonlinear SWs. The solution to Eq. (6) can be found by, prior to integration, expressing Eq. (6) in the form
.
͑10͒
If the factors on the right-hand side of Eq. (10) are to be kept real, the solutions can be written in terms of the Jacobi functions ds͑p ͉ m͒ and sn͑p ͉ m͒, where p is the relevant real argument and m is the relevant Jacobi parameter [17, 25] . It is important to realize that the Jacobi functions are doubly periodic as opposed to being simple periodic functions of circular kind [26, 27] . There are, in fact, 12 Jacobi functions and their selection depends on the signs of C c and k c 2 . Therefore we must determine the signs of C c and k c 2 in the bandgap of the PC. Our calculations showed that the sign of C c in the first photonic bandgap is negative (positive) for the conventional (LH) PC, while the sign of k c 2 is positive (negative) for the conventional (LH) PC. Accordingly, after second integration [26] the solutions of the nonlinear wave equation for the selfdefocusing ͑␣ Ͼ 0͒ LH cap layer that satisfy the TE boundary conditions have the following forms for the case of conventional and LH PCs, respectively:
where z 01 = ds
and m 1 = a 1 2 / ͑a 1 2 + b 1 2 ͒ is the nonlinear period of the Jacobi elliptic function ds:
where z 02 = sn
and m 2 = b 2 2 / a 2 2 is the nonlinear period of the Jacobi elliptic function sn. Note here that in the special case of C c =0, a comparatively simple solution can be expressed in terms of the corresponding trigonometric function [26] . Putting C c = 0 into Eq. (11) gives m 1 = 1 so that Eq. (11) reduces to
͑13͒
Since this function satisfies the TE boundary conditions for the system, there are SW solutions under this condition. Also in the case of LH PC, the special case of C c =0 implies that b 2 = 0, and Eq. (12) must be transformed to the equivalent form [26] E c2 ͑z͒ = a 2 ns ͩ ns
͑14͒
Then C c = 0 implies that m 2 = 0, and E C2 ͑z͒ reduces to
However this function cannot satisfy the TE boundary condition for the system. Thus, there is no SW for this specific case.
RESULTS AND DISCUSSION
In the following, we want to discuss the effect of the dimensionless parameter ␥ 0 (describing the intensity of electromagnetic field at the interface between the homogenous medium and the nonlinear cap layer of the PC) on the dispersion properties of the SWs. To do this, we plotted two sides of the dispersion relation [Eq. (9) ␤ = 1.211 and ͉␥ 0 ͉ = 0.5. We see that the dispersion relation for the given ␤ has two solutions in Fig. 2(a) (points 1 and  2 ). Our inspections show that only one point (point 1) satisfies the TE boundary conditions. Therefore we obtain a single solution for nonlinear SWs for two types of conventional and LH PCs. To describe these solutions we present dispersion properties of the nonlinear SWs in Fig. 3 in the first spectral gap on the plane ͑k , ␤͒ for different values of the dimensionless parameter ␥ 0 . Figure 3 shows that increasing the parameter ␥ 0 will transfer the SWs to the lower (upper) edge of the bandgap in the case of conventional (LH) PC. Our investigations indicate that the existence region of the SWs in the case of conventional PC depends on the parameter ␥ 0 . To show this, we consider point 1 in Fig. 3(a) , which corresponds to ␤ = 1.33 in the nonlinear regime ͑␥ 0 = 0.2͒. As one can see the SW corresponding to ␤ = 1.33 does not exist in the case of linear regime [see dotted line in Fig. 3(a) ], while by increasing the intensity of field ␥ 0 to higher values, we can obtain SWs. Therefore, we can deduce that dispersion properties of nonlinear SWs can be controlled by changing the intensity of field at the surface of self-defocusing nonlinear cap layer of the PC. Actually by changing the intensity of field "␥ 0 " it is possible to control the occurrence of the SWs. We consider this effect as a possibility for the SW switching. Also, we will discuss the possibility of switching for SW from the forward wave propagating one to the backward wave propagating one by varying the intensity of electromagnetic field in Fig. 6 . However in the case of LH PC there is no possibility of switching to occurrence SWs by varying ␥ 0 [see Fig. 3(b) ]. Inspection of Figs. 3(a) and 3(b) shows that they are corresponding to two types of SWs with different transverse profiles of the electric field. The SWs in Fig. 3(a) layer can be modeled by a ␦-function [28] . We consider a thin nonlinear cap layer between PC and air background with a dielectric constant in the form of Kerr nonlinearity:
By applying boundary conditions at the interface between air background and PC, the dispersion relation of SWs for the self-defocusing LH thin cap layer is where B = Be −2ik 1 zd c , 0 is defined as the dielectric constant of the cap layer in the linear regime, and 0 is the corresponding nonlinear Kerr coefficient. We presented the dispersion property of the nonlinear SWs on the plane ͑k , ␤͒ in Fig. 5 for the thin cap layer, d c = 0.01d 1 , and ͉␥ 0 = 0.2͉. In this figure the solid and marked lines show the dispersion property of SWs based on Eqs. (9) and (17), respectively. As one can see, the results for the dispersion properties of nonlinear SWs based on Eq. (9) confirm the results based on the ␦-function. We know that in the presence of LHM, the direction of the total energy flow of the SWs can be forward or backward. So it is interesting to study the total energy flow of the nonlinear SWs. The time-averaged Poynting vector of the SW is directed along the x axis ͑s z =0͒. To demonstrate backward and forward nonlinear surface modes, we plotted the total energy flow in the modes as a function of the wave number ␤ (see Figs. 6 and  7) . The possibility demonstrated in Fig. 6 allows us to reverse the direction of the total energy for mode 1 by increasing of intensity of field for the same ␤. So for the considered structure in the incidence angles that correspond to the region 1.157Ͻ ␤ Ͻ 1.177, we can switch the forward wave to the backward one or vice versa by controlling the intensity of field at the surface of the PC. In contrast to the LH PC structure there is no existence of such possibility for the conventional PC structure as it was shown in Fig. 7. 
CONCLUSION
In conclusion, we have analytically studied the dispersion properties of nonlinear TE-polarized SWs supported by an interface between an air background and a conventional (or LH) 1DPC that is capped by a self-defocusing nonlinear LH layer. Our method is based on the first integral of the nonlinear Helmholtz wave equation. It was shown that these two structures can support the modes with different transverse profiles and intensitydependent properties. In addition, we have demonstrated that dispersion properties of nonlinear surface waves (SWs) can be controlled by changing the intensity of field at the surface of the self-defocusing nonlinear cap layer of the PC. We discussed the possibility of switching for SW, from the forward wave propagating one to the backward wave propagating one, by varying the intensity of electromagnetic field. Furthermore, we verified our results by comparing the results obtained from the method based on the first integral of the nonlinear Helmholtz wave equation and the alternative method based on a ␦-function for the structure with a very thin self-defocusing nonlinear cap layer. 
